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A FAMILY OF NON-COCYCLE CONJUGATE ^q-SEMIGROUPS 
OBTAINED FROM BOUNDARY WEIGHT DOUBLES 

CHRISTOPHER JANKOWSKI 



Abstract. We have seen that if (p : M„(C) — !> M„{C) is a unital g-positive map 
and !/ is a type H Powers weight, then the boundary weight double (0, i/) induces 
a unique (up to conjugacy) type Ho -Eo-semigroup. Let (j) : Af„(C) — ^ M„(C) and 
tp : M„i (C) -^ Mn' (C) be unital rank one (/-positive maps, so for some states 

^ . p e M„(C)* and p' G M„/(C)*, we have <j){A) = p{A)I„ and i;{D) = p'{D)I^, for 

all A € M„{C) and D e M„/(C). We find that if u and r] are arbitrary type II 
Powers weights, then {(f>, v) and {%j}^ rj) induce non-cocycle conjugate i?o-semigroups 

■^C • if p and p' have different eigenvalue lists. We then completely classify the g-corners 

and hyper maximal g-corners from (f) to ip, obtaining the following result: If i/ is 
a type II Powers weight of the form u{^yi - K{1)B^I - A(l)) = {f,Bf), then 

i-Q ' the _Eo-semigroups induced by ((f), v) and {ip, v) are cocycle conjugate if and only if 

jrt I n — n' and and i/; are conjugate. 



1. Introduction 

An E'o-semigroup a = {at}t>o is a semigroup of unital *-endomorphisms of B{H) 

which is weakly continuous in t. E'o-semigroups are divided into three types, depend- 

l/^ i ing on the existence and structure of their units. More specifically, if a is an Eq- 

^ ' semigroup acting of B{H) and there is a strongly continuous semigroup U = {Ut}t>o 

of bounded operators acting on H such that at{A)Ut = UtA for all A € B{H) and 



^ \ t > 0, then we say that L'^ is a unit for a. An £'o-semigroup is said to be spatial 

if it has at least one unit, and a spatial E'o-semigroup is called completely spatial 



if, in essence, its units can reconstruct H. We say an E'o-semigroup a is type I if 
it is completely spatial and type II if it is spatial but not completely spatial. If a 
has no units, we say it is of type III. Every spatial £'o-semigroup a is assigned an 
index n G Z>o U {oo} which corresponds to the dimension of a particular Hilbert 
C^ ' space associated to its units. The type I £'o-semigroups are classified up to cocycle 

conjugacy by their index: If a is of type I^ (type I, index n) for n S N U {oo}, then 
a is cocycle conjugate to the CAR flow of rank n (0), while if a is of type Iq, then 
it is a semigroup of *-automorphisms. 

However, uncountably many examples of non-cocycle conjugate £'o-semigroups of 
types II and III are known (see, for example, [6], [7], [H], [13], [H], and [E]). Bhat's 
dilation theorem {^) and developments in the theory of CP- flows ( |llj and [12]) have 
led to the introduction of boundary weight doubles and related cocycle conjugacy 
results for E'o-semigroups in [9]. A boundary weight double is a pair (</>, i^), where 
4) : M„(C) — ;■ M„(C) is g-positive (that is, (j){I + t(l))~^ is completely positive for 
all t > 0) and i^ is a positive boundary weight over L^(0,oo). If cp is unital and z^ 
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2 CHRISTOPHER JANKOWSKI 

is normalized and unbounded (in which case we say z^ is a type II Powers weight), 
then (0, 1') induces a unital CP-flow whose Bhat minimal dilation is a type IIq Eq- 
semigroup a'^. If 4> : M„(C) — )■ M„(C) is unital and g'-positive and U G M„(C) is 
unitary, then the map (f)i/{A) = U*(j){UAU*)U is also unital and q-positive. The 
relationship between (j) and (pu is analogous to the definition of conjugacy for Eq- 
semigroups. With this in mind, we say that g-positive maps (j),ip : M„(C) — >• M„(C) 
are conjugate liip = (pjj for some unitary U S M„(C). If i^ is a type II Powers weight of 
the form ly{^JT^^7[(T)B^/T^^7[{l)) = (/, Bf), then (0, u) and ((/)[/, u) induce cocycle 
conjugate £'o-semigroups (for details, see Proposition 2.11 of [8] and the discussion 
preceding it). 

Suppose (j) ■ Afn(C) — )■ M„(C) and ^p : M„/(C) — )• M„/(C) are unital rank one 
g-positive maps, so for some states p £ M„(C)* and p' £ Mn'{C)*, we have cj}{A) = 
p{A)In and ^(Z?) = p'(D)4/ for ah A G Mn{C),D € M„/(C). Let i' and t] be 
type II Powers weights. We prove three main results. First, we find that if ((/>, v) and 
{tp, rj) induce cocycle conjugate -Eo-semigroups, then p and p' have identical eigenvalue 
lists (Definition 12.131 and Proposition 13. 3p . We then find all g-corners and hyper 
maximal g-corners from (p io ip (see Remark 1 and Theorems 13.61 and 13. 7p . With 
this result in hand, we complete the cocycle conjugacy comparison theory for Eq- 
semigroups a*^ and j3'^ induced by {(j), u) and (-0, v) in the case that u is of the form 
z/(y^/ — K{\)ByJl — A(l)) = (/, Bf), finding that a'^ and fi"^ are cocycle conjugate if 
and only if n = n' and (j) is conjugate to ip (Theorem 13. 8p . 

2. Background 

2.1. g-positive and g-pure maps. Let (/> : 21 — )• *B be a linear map between unital 

C*-algebras. For each n G N, define (pn ■ Af„(2l) -^ M„(!B) by 

(All ••• Avn \ / HAu) ••• HAi„] 

\Anl ■■■ Ann] \ ^{Anl) ■■■ (p{Ann] 

We say that (p is completely positive if (pn is positive for all n G N. From the work 
of Choi ([5]) and Arveson ([2]), we know that every normal completely positive map 
(p : B{H) —7- B[K) {H, K separable Hilbert spaces) can be written in the form 

n 

cp{A) = Y,S^ASl 

i=l 

for some n G N U {oo} and bounded operators Si : H ^ K which are linearly 
independent over ^2(N). 

We will be interested in a particular kind of completely positive map: 



Definition 2.1. Let (p : M„(C) — )• M„(C) be a linear map with no negative eigenval- 
ues. We say 
for all t > 0. 



ues. We say cp is g-positive (and write (p >q 0) if (p{I + t(p) ^ is completely positive 



We make two observations in light of this definition. First, it is not uncommon for 
a completely positive map to have negative eigenvalues. Second, there is no "slowest 
rate of failure" for g-positivity: For every s > 0, there exists a linear map cp with no 
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negative eigenvalues such that (/>(/ + 10)~^ (t > 0) is completely positive if and only 
ii t < s. These observations are discussed in detail in section 2.1 of [8]. 

There is a natural order structure for g-positive maps. If (/>,'(/' : Mn{C) — )• M„(C) 
are g-positive, we say cp g-dominates tp (i.e. 4> >g ip) if (p{I + t(p)~^ — ip[I + tip)^^ is 
completely positive for all t > 0. It is not always true that (p >q X(j) if X & (0, 1) (for a 
large family of counterexamples, see Theorem 6.11 of [9]). However, if cp is g-positive, 
then for every s > 0, we have cp >q (p{I + s(p)~^ >g (Proposition 4.1 of |9j). If 
these are the only nonzero g-subordinates of (p, we say (p is q-pure. The unital g-pure 
maps which are either rank one or invertible have been classified (Proposition 5.2 and 
Theorem 6.11 of [9]). 

If i;^ is a unital g-positive map, then as t — >• oo, the maps t(p{I + t(p)~^ converge 
to an idempotent completely positive map L^ which has interesting properties (see 
Lemma 3.1 of [8]): 

Lemma 2.2. Suppose (p : M„(C) — )• M„(C) is q-positive and \\t(p{I + 1(/))~^|| < 1 for 
all t > 0. Then the maps t(p{I + t(p)~^ have a unique norm limit L^ as t ^ oo, and 
L(j, is completely positive. Furthermore, 

(i) cp = cpo L^ = L^o(p, 

(ii) Ll = L^, 

(Hi) range(L0) = v&nge[(p), and 

(iv) nullspace(L0) = nullspace((/)). 

2.2. E'o-semigroups and CP-flows. From a celebrated result of Wigner ([16]), we 
know that every one-parameter group a = {at}t<^R of *-automorphisms of B{H) arises 
from a strongly continuous unitary group {Vt}t&. in the sense that at{A) = VtAV^ 
for all t G M and A e B{H). 

Definition 2.3. Let H he a separable Hilhert space. We say a family a = {at}t>o of 
*-endomorphisms of B{H) is an £'o-semigroup if: 

(i) Os o at = Os+t for all s,t > and ao{A) = A for all A G B{H); 
(ii) For each f,g G H and A £ B{H), the inner product {f,at{A)g) is continuous 

in t; 
(Hi) at{I) = I for aUt>0. 

We have two notions of equivalence for ii^o-semigroups: 

Definition 2.4. Let a and (3 he Eo-semigroups acting on B{Hi) and B{H2), respec- 
tively, are said to be conjugate if there is a * -isomorphism from B(Hi) onto B{H2) 
such that 9 o a o 6^^ = j3. 

We say a and /3 are cocycle conjugate if a is conjugate to /?', where (3' is an Eq- 
semigroup of B{H2) satisfying the following condition: For some strongly continuous 
family of unitaries W = {Wf}i>o acting on H2 and satisfying WtfitiWg) = Wt+s, w^ 
have P[{A) = WtPt{A)W^ for all AeB{H2) andt>0. 

Let K he a separable Hilbert space, and form H = K ® L^(0, 00), which we 
identify with the space of -ftT-valued measurable functions on (0, 00) which are square 
integrable. Let U = {C/t}t>o be the right shift semigroup on H, so for all t > 0, 
f £ H, and x > 0, we have 

{Utf){x) = fix -t)[fx>t, {Utf){x) = if X < t. 
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A strongly continuous semigroup a = {aj}t>o of completely positive contractions 
from B{B.) into itself is called a CP-flow over K if at{A)Ut = UtA for all A G B{H) 
and i > 0. A result of Bhat in [3] shows that if a is unital, then it minimally dilates to 
a unique (up to conjugacy) £'o-semigroup a'^. We may naturally construct a CP-flow 
(3 = {/3t}t>o over K using the right shift semigroup by defining 

/3t{A) = UtAU: 

for all A G B{H), t > 0. In fact, if a is any CP-flow over K, then a dominates f3 in 
the sense that at — /3t is completely positive for all t >0. 
Define K:B{K)^ B{H) by 

{K{A)f){x) = e--Af{x) 

for all A £ B{K),f G H, and x G (0, oo), and let 2l(i?) be the algebra 



21(F) = yJl-K{lK)B{H).Jl-K{lK). 

We say a linear functional r acting on 2t(i7) is a boundary weight (denoted r G 2l(i?)*) 
if the functional £ defined on B{H) by 



^(A) = r y/l - A{Ik)AVI - A{Ik: 



satisfies i G B[H)^,. For a discussion of boundary weights and their properties, we 
refer the reader to Definition 1.10 of |10j and the remarks that follow it. 

Every CP-flow over K corresponds to a boundary weight map p — )• u]{p) from 
B{K)^, to 2l(-ff)* (|llj). On the other hand, it is an extremely important and non- 
trivial fact that, under certain conditions, a map from P(K)* to 2t(/f)=K can induce a 
CP-flow (see Theorem 3.3 of [l2]): 

Theorem 2.5. If p — ?• oj{p) is a completely positive mapping from B{K)f, into 2l(-ff)<, 
satisfying u}{p){I — A{Ik)) < p{Ik) for all positive p, and if the maps 

TTi := UJt{I + kuJt)~^ 

are completely positive contractions from B(K)^: into B{H)^ for all t > 0, then p — )• 
u){p) is the boundary weight map of a CP-flow over K. The CP-flow is unital if and 
only ifoj{p){I - K{Ik)) = p{Ik) for all p G B{K)^. 

If a is a CP-flow over C, then we identify its boundary weight map c — >• oo{c) with 
the single positive boundary weight uj := a;(l), so uj has the form 

k 
a;(V/-A(l)V/-A(l)) = Y.{f^,Af\) 

i=l 

for some mutually orthogonal nonzero L^-functions {/j}f=i (/c G N U {oo}) with 
Si=i ll/j|P < oo. We call oo a positive boundary weight over L^(0, oo), and, following 
the notation of [TO], we write uj G 2l(L^(0, oo));^. We say w is bounded if there exists 
some r > such that |a;(P)| < r||P|| for all B G %{H). Otherwise, we say uj is 
unbounded. Suppose uj{I — A(l)) = 1 (i.e. oj is normalized), so a is unital and 
therefore dilates to an ^o-semigroup a'^. Results from [11] show that a'^ is of type Ifc 
if UJ is bounded but of type IIq if uj is unbounded, leading us to make the following 
definition: 
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Definition 2.6. A boundary weight v G 2l(L^(0,oo)):^ is called a Powers weight if v 
is positive and normalized. We say a Powers weight v is type I if it is bounded and 
type II if it is unbounded. 

We note that if z^ is a type II Powers weight, then both t't(/) and t'((A(l)) approach 
infinity as t — )• 0+. We can combine unital q-positive maps with type II Powers weights 
to obtain £^o"Semigroups (see Proposition 3.2 and Corollary 3.3 of [9]): 

Proposition 2.7. Let H = C^ ® L'^{0,oo). Let cf) : M„(C) -> M„(C) be a unital 
q-positive map, and let u be a type II Powers weight. Let 17,^ : ^{H) — )• M„(C) be 
the map that sends A = (Aij) G M„(21(L2(0, oo))) = 2l(if) to the matrix {i^^Aij)) G 
Mn{C). The map p — )• w(/9) from M„(C)* into 2l(i7)* defined by 



oo{p){A) = p[^,i,{n,{A)) 

is the boundary weight map of a unital CP-flow a over C" whose Bhat minimal 
dilation a is a type IIq E^-semigroup. 

In the notation of the previous proposition, we say that a'^ is the £'o-semigroup 
induced by the boundary weight double (0, u). 

Definition 2.8. Suppose : B{Hi) — )• B{Ki) and ip : B{H2) — )• B{K2) are normal 
completely positive maps. Write each A G B{Hi ® H2) as A = (Aij), where Aij £ 
B[Hj^Hi) for each i,j = 1,2. We say a linear map 7 : B{H2,IIi) — )• B{K2,Ki) is a 
corner from a to 13 if Q : B{Hi ® II2) ^ B{Ki K2) defined by 

( All M2\ _ ( (t){Aii) 7(^12) 

V ^21 A22 ) V 7*(^2l) ^^(^22) 

is normal and completely positive. 

Suppose Hi=Ki= C^ and H2 = K2 = C"^ . We say 7 : M„,^(C) -^ M„,„(C) is 
a g-corner from (j) to ip if Q >q . A q-corner 7 is hyper maximal if, whenever 



we have = 0'. 

Hyper maximal g-corners between unital g-positive maps (j) ^^^ "0 allow us to 
compare £'o-semigroups induced by {(j), u) and (■0, v) if i/ is a particular kind of type 
II Powers weight: 

Proposition 2.9. Let (j) : M„(C) -^ M„(C) and -0 : Mk{C) -^ Mfc(C) be unital 
q-positive maps, and let v be a type II Powers weight of the form 



u{^I-K{l)B^I-K{l)) = if,Bf). 

The boundary weight doubles {(p, v) and {ip, v) induce cocycle conjugate Eo-semigroups 
if and only if there is a hyper maximal q-corner from (p to ip. 

From [9j, we know that a unital rank one map (p : Mn{C) — )• M„(C) is (7-positive if 
and only if it has the form (p{A) = p{A)I for a state p G M„(C)*, and that (p is g-pure 
if and only if p is faithful. We also have the following comparison result (Theorem 
5.4 of [9]), which we will extend in this paper to all unital rank one g-positive maps 
(Theorem [3l 
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Theorem 2.10. Let (p : M„(C) -^ M„(C) and ip : M„/(C) -^ M„/(C) be rank one 
unital q-pure maps, so for some faithful states p G M„(C)* and p' G M„/(C)*, we 
have 

c^iA) = p{A)Ir, and ^{D) = p'{D)I^, 

for all A S Mn(C) and D E M„/(C) . Let v he a type II Powers weight of the form 
v{^I-k{l)B^I-k{l)) = if,Bf). 

The boundary weight doubles {(j), i') and {ip, v) induce cocycle conjugate Eo-semigroups 
if and only if n = n' and for some unitary U G M„(C) we have p'{A) = p(UAU*) for 
allA£MniC). 

2.3. Conjugacy for (/-positive maps. We will only be concerned with the identity 
of a g-positive map up to an equivalence relation we will call conjugacy. More specifi- 
cally, if (j) ■ Mn{C) —7- Mn{C) is a unital (/-positive map and U S M„(C) is any unitary 
matrix, the map </>[/(^) := U*(j){UAU*)U is also unital and g-positive. We have the 
following definition from [8]: 

Definition 2.11. Let (j),^ : M„(C) — t- M„(C) be q-positive maps. We say (p is 
conjugate to ip if ip = <pu for some unitary U G M„(C). 

Conjugacy is clearly an equivalence relation, and its definition is analogous to 
that of conjugacy for E^g-semigroups. Indeed, since every *-isomorphism of M„(C) is 
implemented by unitary conjugation, two g-positive maps (p,ip : M„(C) — >• M„(C) are 
conjugate if and only if^p = 0o(po9~^ for some *-isomorphism 6 of M„(C) . If z^ is a type 
II Powers weight of the form i/(y7^^A(l)i?y^/^^A(l)) = {f,Bf), then conjugacy 
between unital g-positive maps (p and ^p is always a sufficient condition for {(p, v) 
and (■0, v) to induce cocycle conjugate i^o-semigroups. Indeed, it is straightforward 
to verify that if (p : Mn{C) — t- M„(C) is unital and g-positive, then the map 7 : 
Mn{C) — )■ Mn{C) defined by 'j{A) = (p{AU*)U is a hyper maximal g-corner from 
(p to (pu (for details, see the discussion preceding Proposition 2.11 of p]), whereby 
Proposition 12.91 gives us: 

Proposition 2.12. Let (p : Mn(C) — )• M„(C) be unital and q-positive, and suppose ip 
is conjugate to (p. If v is a type II Powers weight of the form 



u{^I-K{l)B^I-K{l)) = U\Bf), 
then {(p^v) and {ip,v) induce cocycle conjugate Eo-semigroups. 

In the case that (p and ip are unital rank one g-pure maps and 1/ is a type II Powers 
weight of the form u{y/I - k{l)ByJI - A(l)) = {f,Bf), Theorem [2T0] states that 
conjugacy between (p and ip is both necessary and sufficient for ((p, v) and (0, u) induce 
cocycle conjugate £'o-semigroups. 

Let (p : Mn{C) — )• M„(C) be a unital linear map of rank one. It is not difficult to 
see that cp is g-positive if and only if it has the form 0(^) = p{A)I for some state 
p G M„(C)*. It is well-known that we can write p in the form 

k<n 

(1) p{A) = Y,H9^.A9i). 

1=1 

for some mutually orthogonal unit vectors {gi}\^i C C" and some positive numbers 
Ai > • • • > Afc > such that X^j^^ Aj = 1. With the conditions of the previous 
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sentence satisfied, the number k and the monotonically decreasing set {\i}^^i are 
unique. 

Definition 2.13. Assume the notation of the previous paragraph. We call {Ajj^^-j^ 
the eigenvalue hst for p. 

We should note that our definition differs from a previous definition of eigenvalue 
list in the literature (see, for example, LlJ) iii that our eigenvalue lists do not include 
zeros. By our definition, is possible for states p and p' acting on M„(C) and M„/(C) 
to have identical eigenvalue lists if n 7^ n'. 

Let {ei}^^i be the standard basis for C". If p has the form ([T]) and U £ M„(C) is 
any unitary matrix such that Uci = gi for all i = 1, . . . , fc, then 

k k k 

p{UAU*) = Y,M9uUAU*g.,) = Y,\i{U*g,,AU*gi) = Y,UeuM) 

i=l j=l j=l 

and 

k k 

(2) </.c7(^) = C/*</.(C/AC/*)C/ = [/*[(j^Ai(ei,AeO)/]t/= (^A^a 

for all A G M„(C). We will use this fact repeatedly. 

3. Our results 

We begin with the following observation: 

Lemma 3.1. Let (p : M„(C) — )• M„(C) and tp : Mn'{C) — )• M„'(C) be unital q-positive 
maps, and let v and ry be type II Powers weights. If the boundary weight doubles {(p, v) 
and {ijj,r]) induce cocycle conjugate EQ-semigroups, there is a corner^ from L^ to L^ 
such that II7II = 1 and 1 is an eigenvalue ofj. 

Proof. This is a slight generalization of Lemma 5.3 of [9] (where (j) and ^p were as- 
sumed to have rank one and be g-pure), but its proof is identical. Indeed, the exact 
same argument as in the proof of Lemma 5.3 shows that there is a corner 7 from 
limt^o+ i^t(A(l))0(/ + i^t(A(l))0)-^ to limi^o+^t(A(l))V'(^ + r/t(A(l))V')-^ (provided 
the limits exist) such that ||7|| = 1 and 1 is an eigenvalue of 7. We observe that the 
former limit is L^p and the latter limit is L^. Indeed, the values {fi(A(l))}t>o and 
{r]t{A{l))}t>o are monotonically decreasing in t, and since u and rj are unbounded, 
we have 

lim z/t(A(l)) = lim 7?i(A(l)) = 00. 
t->0+ t^o+ 

n 

We have the following lemma (see Lemma 3.5 of [9]): 

Lemma 3.2. Let cp : M„(C) -> M,.(C), ip : M„/(C) -^ Mr'{C) be completely positive 
maps, so for some k,k' G N and sets of linearly independent matrices {Si}\^^ C 
Mr^niQ and {Ti}^'^^ C Mr',n'{C), we have 

k k' 

(3) cP{A) = yS^AS*, ^{D) = yT,AT: 






for all A £ Mn{C), D G M„/(C). 
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A linear map 7 : M„ „/(C) — )• Mry{C) is a corner from (p to ip if and only if, for 
some C = (cij) S Mk^k'(C) with \\C\\ < 1, we have 



k k' 

i=l j=l 



for all B G M„,„/(C). 



Remark 1: Suppose 7 is a g-corner from (j) to ^ip. Let U G M„(C) and V £ M„/(C) 
be arbitrary unitary matrices, and let 

^={ t ^. 1>,0. 



, 7* "0 
For the unitary matrix 

we have -dz >g (since "(? >g 0), where 

A B \ _ f (j)u{A) U*-/{UBV*)V 



^^ ^ C D J \ V*-/*{VCU*)U TpviD) 

Therefore, B — )• U*^{UBV*)V is a q-corner from (pu to ipv- By Proposition 4.5 of 
[9], there is an isomorphism between the g-subordinates of "i? and the g-subordinates 
of i}z- In particular, if $ : M„_|_„'(C) — )■ M„+„/(C) is a linear map, then '& >q ^ >g 
if and only if f?^ >q $2 >q 0. It follows that 7 is a hyper maximal g-corner from (p to 
^p if and only if B — )■ C/*7(t/i?y*)y is a hyper maximal g-corner from (pu to ipy- The 
same argument just used also gives us a bijection between norm one corners from (p 
to tp and norm one corners from (pu to ipv 

Proposition 3.3. Let (p : M„(C) -;> M„(C) and V : M„/(C) -^ M„/(C) 6e umta/ ranA; 
one q-positive maps, so for some states i G M„(C)* and i' G M„/(C)* mt/i eigenvalue 
lists {Aj}^^;^ anc? {/Uj}^^]^, respectively, we have 

^{A) = e{A)In, ^{D) = £'{D)In' 

for all A G -/Vf„(C) and D G Af„/(C). Let z^ and r] be type II Powers weights. 

If the boundary weight doubles {(p, v) and {ip, rj) induce cocycle conjugate Eo-semigroups 
a'^ and P'^, then k = k' and Aj = /ij for all i = 1, . . . ,k. 

Proof. Our proof is similar to the proof of Theorem 5.4 of [9j. Suppose a'^ and f3'^ are 
cocycle conjugate. For some unitaries U G M„(C) and V G M„/(C), we have 



4>u{^) = ('^Kaujln, ipv{D) = ( y^/iiftn)/. 



i=l 



for ah A G M„(C) and D G M„/(C). Let {ej}f^]^ and {e^jf^j^ be the standard bases 
for C" and C"', respectively, and let p G M„(C)* and p' G M„/(C)* be the functionals 

k k k' k' 

(4) p(^) = ^ Xie*Aei = ^ A,a,„ p'(Z)) = ^ /^ief Z?e^ = ^ pida, 
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SO (puiA) = p{A)In and ^v{D) = p'{D)In' for all A G M„(C) and D £ M„/(C). Note 
that Lfj, = (j) and L^ = "ip, so by Lemma 13. !( there is a norm one corner from (j) to 
tp. Therefore, by Remark 1, there is a norm one corner 7 from (pjj to ipvj so the map 
e : Mn+n'{C) -^ M„+„,(C) defined by 

/ An,n Bn,n' \ ^ ( p{A)In l{B) 

is completely positive. 

Since ||7|| = 1, there is some X G M„^„/(C) with ||X|| = 1 and some unit vector 
g G C"-' such that \h{X)g\\'^ = {-f{X)g,-f{X)g) = 1. Let r e M„,„/(C)* be the 
functional defined by 

r{B) = {jiX)g,jiB)g). 

Letting 

V w^i g J 
we observe that 

( r'fc) AD) ) = S*e ( C « ) '^ f" »" ( C « ) ^ *^-"'(C). 

hence r is a corner from p to p'. Note that ||r|| = t{X) = 1. 

Let Dx G Mfc(C) and D^ € Mfc/(C) be the diagonal matrices whose ii entries are 
"v/Ai and ^/Jm, respectively. Since r is a corner from p to p' , equation ^ and Lemma 



imply that r has the form t{B) = ^i jCij^J\iPj{ei,Be'■) for some C = (cjj) G 
Mfc^fc/(C) such that ||C|| < 1. For each B G Af„^„/(C), let B £ Mk'^kiC) be the top 
left k' X k minor of B , observing that 

k k' 

^(^) = EE'^^jV^&ii = ti{CD^BDx) = tr (cD^{Dx{Brry 

i=l j=l 

Let M = X £ Mf.1 i^{C). Applying the Cauchy-Schwarz inequality to the inner 
product {A,B) = tr(5A*) on Mfc,fc'(C), we see 

1 = \t{X)\^ = \tTiCD^{DxM*r)\^ = \{DxM*,CD,,)\^ 

< \\CDXr\\DxM*\\l = tT{D^C*CD^)tT{DxM*MDx) 

k' k 

(5) < tr(Z)^4,D^)tr(i?A4I?A) = (j^^i)(^A,) =1*1 = 1. 

Since equality holds in Cauchy-Schwarz, it follows that for some m £ C, 

(6) mCDf, = DxM*, 

where |77i| = 1 since ||CD^||tr = ||-C'A^*||tr = 1- In fact, m = 1 since t{X) = 1. 

Since equality holds in ([5]) and the trace map is faithful, we have C*C = Ik' and 
M*M = 4. Note that 

minjA;, A; } > rank(C) = k , min{/c, A: } > rank(M) = k, 

hence k = k' and the previous sentence shows that C and M are unitary. Therefore, 
from ([6]) we have 

D^ = C*DxM* = C*M*{MDxM*), 
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whereby uniqueness of the right polar decomposition for the invertible positive matrix 
Dfj, imphes D^ = MDxM* . Since the eigenvalues oiD^ and D\ are listed in decreasing 
order, we have D^ = D\, hence Aj = ^j for all i = 1, . . . , A:. D 

Remark 2: If : Mfc(C) — )■ Mfc(C) is a unital rank one g-pure map, and if 7 is 
a nonzero q-comei from (j) to (/), then by Lemma 12.21 a := liint^oot'y{I + ^7)""*^ is a 
corner from to i;^ satisfying o"^ = a. We note that \\a\\ = 1. Indeed, since a'^ = a 
and range(a") = range(7) D {0}, we have \\a\\ > 1, while the fact that o" is a corner 
between norm one completely positive maps implies \\a\\ < 1, hence ||o"|| = 1. The 
following lemma gives us the form of a: 

Lemma 3.4. Let (j) : Mfc(C) — t- Mfc(C) he a unital q-positive map of the form (p{A) = 
p{A)I. Assum,e p is a faithful state of the form, 

k 
i=l 

where pi, . . . , pk 0,''^^ positive numbers and ^j=x /ij = 1. Let D^ be the diagonal matrix 
with a entries J^i for i = 1, . . . ,k, so Q, := {D^j)'^ is the trace density matrix for p. 



Let a : Mfc(C) — t- Mfc(C) be a nonzero linear map such that a'^ = a. Then a is a 
corner from (p to (j) if, and only if, some unitary X G Mfc(C) that commutes with i7, 
we have 

a{B) = tr:{X*Bn)X 
for all B G Mfc(C). 

Proof. For the forward direction, suppose that o" is a nonzero corner from (j) to (j) 
and a^ = a. Note that ||o"|| = 1 by Remark 2. We first show that a has rank one. 
If rank(cr) > 2, then there is a non-invertible element A £ range((T). Scaling A if 
necessary, we may assume ||^|| = 1. Let P be the orthogonal projection onto the 
range of A, so PA = A and A* = A*P. Since P ^ I and p is faithful, we have 
4>{P) = p{A)I = al for some a < 1. We note that 

P \ f I A\ f P \ f P PA\ f P A 



I J y A* I J y I J y a*p i j y a* i ' -^' 

so by complete positivity of Q and the fact that cr^ = a, we have 

ct>{P) a{A) \_(al A\ 
a*{A*) <P{I) J y A* I J -^' 

which is impossible since a < 1 and ||A|| = 1. This shows that not only does a have 
rank one, but that every non-zero element of its range is invertible. In other words, 
for some linear functional r G Mfc(C)* and some invertible matrix X G Mfc(C) with 
||X|| = 1, we have (t{B) = t{B)X for all B G Mfc(C). Since a fixes its range and 
||(t|| = 1, we have ||r|| = t{X) = 1. 

Let (7 G C'^ be a unit vector such that H^fi'll = 1- We observe that r is merely the 
functional t{B) = {a{X)g,a{B)g) for all B G Mfc(C), and an argument analogous 
to the one given in the proof of Proposition 13.31 shows that r is a corner p to p. By 
Lemma 13.21 there is some C G Mj^{C) with ||C|| < 1 such that 

k 

r{B) = Y^ Cij,/JI-p-{ei,Bej) = iT{CD^B'^D^) 
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for all A G Affc(C). By the above equation and the fact that t{X) = 1, we may 
use the exact same Cauchy-Schwarz argument as in the proof of Proposition 13.31 to 
conclude that C and X^ are unitary and that 

D^ = c*D^{x^y = c*{x^y{x^D^{x^y). 

Uniqueness of the polar decomposition for the invertible positive matrix D^ gives 
us C*{X'^y = I and X^D^{X'^y = D^, where the transpose of the last equality is 
X*D^X = D^,. Therefore, C = {X*Y and X commutes with 9., so for ah B G Mfc(C) 
we have 

t{B) = tr [{X*)'^D^B'^D^^ = ti{D,,BD,,X*) = tr{X*Bn) 

and a{B) = t{B)X = tv{X*Bn)X. 

Now assume the hypotheses of the backward direction and define r G Mfc(C)* by 
t{B) = tr{X*Bn), noting that a^ = a and a{B) = t{B)X for ah B € A4(C). Let 
r],ri' : M2k{C) -> M2k{C) be the maps 

(A B\_( p{A)I t{B)X \ ,( A B\_( p{A)I t{B)I 
'\C D ) \ T*{C)X* p(D)I J ' ' \C D J \ T*{C)I p{D)I 

Define T : M^kiC) ^ M^kiC) by 

A B \ _ f X* \ ( A B \ ( X 
C D ] ~\ I j\ C D )\ d I 



T 



Note that T and T ^ are completely positive, Torj = r]', and T ^ or]' = r]. Therefore, 
r/ is completely positive if and only if rj' is completely positive. Since a complex matrix 
(rriij) e Mr{C) (r G N) is positive if and only if {rriijln) G Mr(M„(C)) = Mrn{C) 
is positive for every n G N, it follows that rj' is completely positive if and only if rj" 
below is completely positive: 

.{A B\ _ f p{A) t{B) 



"^ \ C D ) \ T*{C) p{D) 

Thus, 7] is completely positive if and only if r]" is. In other words, a is a corner from 
(/) to (/) if and only if r is a corner from p to p. But for all B G Mfc(C), we have 

k 

t{B) = ^ Cij^piPj{ei,Bej) 

for the unitary matrix C = {X*) , so r is a corner from p to p hy Lemma 13.21 D 

We will make use of the following standard result regarding completely positive 
maps, providing a proof here for the sake of completeness: 

Lemma 3.5. Let : M„(C) — )■ M„(C) be a completely positive map. If 4>{E) = for 
a projection E, then 4>{A) = (j){FAF) for all A G M„(C), where F = I - E. 

Proof. We know from [5] and [2] that (f) can be written (/>(A) = Y^=i SiAS* for some 
p<n^ and {Si}^^^ C M„(C). If (l){E) = for a projection E, then 

= SiES* = SiEES* = {SiEySiEy 

for all i, so 5^^ = ES* = for all i. Therefore, (j){EAE) = (j){EAF) = (p{FAE) = 
for every A G M„(C). Letting F = I — E, we observe that for every A G M„(C), 

0(A) = (j){EAE + EAF + FAE + FAF) = (j){FAF). 
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n 

Let (j) : M„(C) — t- M„(C) and "0 : Mn'{C) — t- M„/(C) be unital rank one (/-positive 
maps. We ask two very important questions: Is there a g-corner from (/> to "0 ? 
If so, can we find all such g-corners, and, even further, determine which g-corners 
are hyper maximal? The following two theorems give us a complete answer to both 
questions when (/> and V' are implemented by diagonal states. This suffices, since for 
any unital rank one g-positive maps (p and ip, there are always unitaries U G M„(C) 
and V £ -/Vf„/(C) such that (pu and tpv are implemented by diagonal states, where 
Remark 1 tells us exactly how to transform the g-corners and hyper maximal g-corners 
from (pu to ipv into those from (p to ^|J. 

Theorem 3.6. Let {/Xj}^^-^ and {rjjjL]^ be monotonically decreasing sequences of 

strictly positive numbers such that X]i=i /"A: = Si=i ''i = 1- Define unital q-positive 
maps (p : M„(C) -^ M„(C) and ip : M„/(C) -^ M„/(C) (where n > k and n' > k' ) by 

k k' 

(7) (p{A) = {S^^iOiijIn and %p{D) = iS^ndiijIn' 

for all A = {oij) £ M„(C) and D = {dij) £ M„/(C). Let n £ iV4(C) be the trace 
density matrix for the faithful state p £ Mjt(C)* defined by p{A) = X]i=i l^iau- 

If there is a nonzero q-corner from (p to ip, then k = k' and /ij = r, for all i = 
l,...,k. In that case, a linear map 7 : M„^„/(C) — )■ M„^„'(C) is a q-corner from 
(p to %p if and only if: for some unitary X £ Mfc(C) that commutes with Jl, some 
contraction E £ Mn-k,n'-k{C), and some X £ C with |Ap < Re(A), we have 

7 ( n"'' ^'''''-' ) = A tr{x*B,,,n) ( „ ^ ^%-' ) 

\ Wn—k,k ^n—k,n'—k / \ ^n—k,k ^ J 

for all 

/ R, , U/. , , \ 

£ Mn,n'iC). 



Bk,k Wk,n'-k 



^n—k,k ^r 



n—k,n'—k 



Proof. Suppose that 7 is a nonzero g-corner from cp to ip , so i} : Mn+n' (C) — )• M„+„/ (C) 
below is g-positive: 



We observe that 



An,n L>n,n' \ _ ( 4'\An^n) 7(-"n,n' 
Cn',n Dn',n' J \ Y (Cn' ,n) fp{Dn',n' 



Cn',n Dn',n' J \ (^* {Cn' ,n) fPiDn'y) 



where by Lemma [2.2( the map a := limt_^oo ^tI-^ + ^t)"^ is a corner of norm one from 
(p to tp satisfying o"^ = a, range((T) = range(7), and 'yoa = ao^ = 'y. Since \\a\\ = 1, 
Proposition 13.31 implies k = k' and r^ = pi for alH = 1, . . . , /c. 
We observe that L^{E) = for the projection 

n n+n' 

E=( y"eii+ V en) £Mn+n'{C). 



n 




n+n' 


^ e,, 


+ 


E - 


=fc+i 


i- 


=n+k'+l 
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Therefore, L^{A) = L^Ul - E)A{I - E)) for all A G M„+„/(C) by Lemma [331 In 
particular, a satisfies 

Ofc.A: Wk,n'-k 

'^n—k,k ^n—k,n'~k 

In other words, a depends only on its top left k x k minor, so for some a : Mk{C) - 
Mfe(C) and some maps £i from Mfc(C) into the appropriate matrix spaces, we have 



a 



= 0. 



a 



B, 






W, 



k;n'—k 



_ ^{Bk,k) h{Bk,k) 

Qn~k,k Yn~k,n'-k J \ h{Bk,k) h{Bk,k) 

From the facts a'^ = a and \\a\\ = 1, it follows that a^ = a and \\a 
Let 4> : Mfc(C) -^ Mk{C) be the map 

k 

H^) = P{^)h = C^fJ'iau)Ik 



1. 



i=l 



for all A 



and let 



Note that 



G Mfc(C). Define 6 : M2fc(C) -^ M2k{C) by 

Ak,k Bk^k \ ^ ( <P{^k,k) ^iBk,k) 
Ck,k Dk,k J V ^*{Ck,k) i'{Dk,k) 



e 



s 



h,k Ok,n-k Ok,k Ofc,„'-fc 
Ofc,A; Ok,n-k Ik,k Ok,n'-k 



G Mok 



2k,n+n' 



(C). 



@{N) = SL^{S*NS)S* 
for all N € M2fc(C), so is completely positive. Therefore, a is a norm one corner 
from (/) to (f). Since \\a\\ = 1 and it^ = a, Lemma 13.41 implies that for some unitary 
X G Mfc(C) that commutes with il, we have 

(8) a{B) = tr{X*Bn)X 

for all B G M^.(C). For simplicity of notation in what follows, let r G Mfc(C)* be the 
functional t{B) = tr{X*Bn). 

We claim that ^i = ^3 = 0. For this, let 

Bk,k Wky-k 

^n-~k,k ^n—k,n'~k 

be arbitrary. We will suppress the subscripts for B, Q, W, and Y for the remainder 
of the proof. From ([8]) and the fact that (T^(M) = a(M), we have 

(10) ii{B) = ii{d{B)) = iMB)X) = T{B)£i{X) 

for i = 1,2, 3. Since o" is a contraction, it follows that 



(9) 



M 



G Mn,n'iC) 



1 > 



a 



X 0\ _ f X li{X) 
J - \ h[X) 1^{X) 

But X is unitary, so the line above implies that t\{X) = l2iX) = 0, hence ii = £2 ^ 
by ([To]) . Let E = i3{X) G M^-ky-kiC), noting that ||£^|| < 1 since o" is a contraction. 
Therefore, a has the form 

B W \ ^ , .( X Ok.n'^k 

Q Y ^^"^^ V On-k,k E 



a 



14 CHRISTOPHER JANKOWSKI 

Since 7 = 700" and 



range(7) = range(cr) = |c ( ^ ^ j : c G C|, 



= A.(B,(^ ° 

for some A G C Since 7 is a nonzero g-corner between unital completely positive maps 
and is thus necessarily a contraction with no negative eigenvalues, we have A ^ and 
|A|<1. 

In summary: we have proved that if 7 is a nonzero (7-corner, then it is of the form 



A 


' B W \ 
.Q Y J 


= l{<r 


' B W \ 

.Q y ) 






= r{B) 


r- / X 
^\ Q E 



.(^-)...,x..«,(- ») 



for some A ^ with |A| < 1, where X and E satisfy the conditions stated in the 
theorem. To complete the proof, we show that such a map 7 is a g-corner if and only 
if |A|2 < Re(A). 

Straightforward computations show that for all t > 0, 

i/i? w\_(b-^-^x w \ 

^' + '^^ \Q y)-\ q Y-tM^E) 

and 

For each t > 0, define maps 9* : M2k{C) -^ M2k{C), U : M2fe(C) -^ Mn+n'-2k{C), 
and Ti : M2fc(C) ^ M„+„,_2fc(C) by 



e* 



A B\ ( iji/>(^)4,fc TTtx<B)X 



^ ^ J \ Tm^*(c)x* mP^D)i 



k,k 



Lt 



A B\ ( ^A^)EE* Thxr{B)E 



A _* ( r^\ 77'* 1 



CD) \ ^T*iC)E* -^^p{D)In>-k,n'^k 



and 



r^l A B\^^( A B\( ^^p{A){I„^k,n^k - EE*) On^k,n'-k 



CD '\ C D 



Jn'~k,n~k ^n'—k,n'—k 



Let 



rp / Ufi— fc.fe J-n~k,n—k ^n—k,k ^n—k,n'—k \ ^ a^ (fn\ 

-^ — n n n 1 ) ^ i^'-n+n'-2k,n^n'\S')-: 

\ ^n,' — h.h. ^7)/ — k.n—k ^n.' —k.k ^n' — k.n/ — k / 



M 



so SMS* 
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and let M G M„+„/(C) be arbitrary, writing 

/ ^k,k Qk,n-k B^k 'rk,n'-k \ 

^n—k,k T^n—kj-n—k ^n— fc,A: '^n~k,n'—k 

^k,k Wk^n-k ^k,k Ck,n'-k 

\ "'n'—k,k ^n'—k,n—k Jn'—k,k 9n'—k,n'—k^ / 

For every i > 0, we have 

/ il-iP{^)h,k ^k,n-k 

^n~k,k \j^iP\-^)^n—k,n—k 

^ -T*[C)E* 
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Ak,k 

Ck,k 



Bk,k 

Dk,k 



A 



'd{I + t'd)-^{M) 



V 



1+tA 

On'-k.k 



1+tX 



^n—k,k 
On'-k,k 



^k,n—k 

^ -t{B)E 



\ 



l+tA' 
Ofc,n'-fc 

j^p{D)In'-k,n'-k / 



(11) = S*et{SMS*)S + T*Tt{SMS*)T. 
Note also that for all N € M2fe(C), 

(12) Qt{N) = s('d{I + t'&)-\S*NS)]s*, Tt{N) = tU{I + t'dy\S*NS)]T*. 

It follows from (lllh and (I12p that "d is g-positive if and only if 0^ and Tt are completely 
positive for all t > 0. 

We may easily argue as in the proof of Lemma [3.4l to conclude that 0j is completely 
positive for all i > if and only if the maps r]'/ : M2k(C) — t- M2{C) below are 
completely positive for alH > 0: 

„.M B\^( j^A^) m-x^iB)\ 

''\C d) [ ^r*(C) jL.piD) ) ■ 

Recall that in the proof of Lemma 13.41 we showed that r is a corner from p to p. 
Since \\p\\ = \\t\\ = 1, it follows from Lemma 13.21 that ct is a corner from p to p if 
and only if |c| < 1. Since 



(1 + tK 



A B 
C D 



P{A) 



^riB) 
P{D) 



< 1 (where we already know A ^ and |A| < 1) 



we see that rj'/ is completely positive for all t > if and only if 

A(l + t) 
l + tA 

for all t > 0. Squaring both sides of the above equation and then cross multiplying 
gives us 

|Ap(l + 2t + t2) < i + 2tRe(A) + |A|2t2, (A ^ 0, |A| < 1) 

which is equivalent to 

(13) lA^ < 



2 l + 2tRe(A) 
l + 2t 



(A^O, |A|<1) 



for all nonnegative t. Note that if |Ap < Re(A), then Re(A) < 1 and equation 
(J13p holds for t > 0. On the other hand, suppose that A is any complex number that 
satisfies (|13p for all t > 0. We conclude immediately that Re(A) > 0, whereby the fact 
that |A| < 1 implies Re(A) G (0, 1]. A computation shows that the net { — 1+2° }t>o 
is monotonically decreasing and converges to Re(A), hence |Ap < Re(A) by ([13]). We 
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have now shown that ryf (and thus 0^) is completely positive for all t > if and only 
if |Ap < Re(A). Therefore, if |Ap > Re(A) then ((T2]) implies that 'd is not g-positive, 
which is to say that 7 is not a q-corner from i;^ to 'i/'- 

Suppose that |Ap < Re(A). Then from above, the maps {Qt}t>o are all completely 
positive. Let 

G = ( f) n n \ ^ M„_|_„/_2A:,2n'-2fc(C). 

We observe that 

^' + '^"^^ [C d) - ''y ^r*(C)/„,_. p(Z))/„,_. ) "" ' 

where we have already shown that the map in the middle is completely positive since 
|Ap < Re(A). Thus, Lt is completely positive for every t > 0. Also, Tj — Lt has the 
form 

/A B\r p{A){In^k - EE*) On^ky-k \ 

\ C D J \ On'-k,n-k On'-k,n'-k J ' 

where the right hand side is completely positive since ||-E|| < 1. Therefore, the maps 
{Tt}t>o are all completely positive, so (fTTI) implies that ■&{! + ti9)~^ is completely 
positive for all t > 0, hence 7 is a g-corner from <j) to ip. D 

Theorem 3.7. Assume the notation of the previous theorem, and suppose that k = k' 
and Hi = ri for all i = 1, . . . ,k. A q-comer 7 : M„^„/(C) — )■ Mny{C) from cf) to ip is 
hyper maximal if and only if n = n', < |Ap = Re(A), and E is unitary. 

Proof. We first show that 7 is not hyper maximal if n 7^ n', regardless of the assump- 
tions for X or E. If n > n' , then EE* G M„_fc(C) is a positive contraction of rank at 
most n' — k, so EE* 7^ In~k- 
Define cp' : M„(C) -^ M„(C) by 

observing that (p'il + t0')"^ = (1/(1 + *))</'' for ah > 0. Define 'd' : M„+„/(C) 

Mn+n'{C) by 



1}' 



<P' 7 

7* ip 

noting that 'd' has no negative eigenvalues. Writing each M G M„+„'(C) in the form 
&h, we see 



^'{I + t^')-^{M) 



_ On-k,k j^,piA)EE* On-k,k TTt\^{B)E 

T*{C)X* Ok,n-k JTtP{D)Ik,k Ofc,n'-A: 



1+tA 
\ On'^k,k T+tx'^*^^^^* ^n'-k,k iq:tP(-C')I„'_fc,„/_fc J 

(14) = S*et{SMS*)S + T*Lt{SMS*)T. 

for every t >0, hence -d' is (7-positive. By (llip and (I14p . we have 

i}{i + t'd)-^ - ^'{i + 1^')-^) (M) = rUrt - Lt) {s*ms))t* 
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Since T^ — Lf is completely positive for all t > (as shown in the previous proof), 
the above equation implies that 7? >q -d'. However, •& ^ {)' since EE* < In~k, so 7 is 
not hyper maximal. 

If n < n', then since E*E < /„/_fc, we may replace {Lt}^Q with the maps {Rt}^Q 
below and argue analogously (this time cutting down V' using E*E) to show that 7 
is not hyper maximal: 



Rt 



Ck,k Dk,k J [ Y^^T*{C)E* ^,p{D)E*E 



Of course, if n = n' but E is not unitary, then EE* < In-k-, and the same argument 
given in the case that n > n' shows that 7 is not hyper maximal. 

Therefore, we may suppose for the remainder of the proof that n = n' and E is 
unitary. Note that cj) = tp since n = n'. For some a £ (0, 1], we have |Ap = aRe(A). 
We first show that 7 is not hyper maximal if a 7^ 1. We claim that the map -d" : 
M2„(C) -^ M2„(C) defined by 

satisfies 1}" >q 0. For each t > 0, let t?^^"^ : M2k{C) -^ M2(C) be the map 
(a)f A B\_( T^A^) TTTX^B) \ 



It is routine to check that since r is a corner from p to p, the condition |Ap = aRe(A) 
implies that ^r^''" is a corner from jr^P to jx^P for every t > 0, so 7]^ is completely 
positive for all t > 0. Defining @^' and T^' for each t > by 

qW f a B\_f T^tP{A)Li 




and 






y(a) (A B\ ^ ^ jf^,p{A)In-k j^T{B)In-k \ ^, 



we observe that the maps {©t }t>o and {TJ'* }t>o are all completely positive since 
'qf' is completely positive for all t > 0. Note that 

{a4)){I + ta4>)~^ " ' 



l + at 
for all t > 0, so for every M G M2„(C), we have 

^"{I + td")-^{M) = s{q^^^ {S*MS)) S* + T* (tJ''^ {S*MS) ) T. 



Therefore, 1}" >q 0, and trivially iD >q 'd" . If a 7^ 1, then t?" 7^ 1}, hence 7 is not hyper 
maximal. To finish the proof, it suffices to show that 7 is hyper maximal if a = 1 (of 
course, maintaining our assumption that E is unitary). 
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Suppose a = 1, and let (/>' be any g-subordinate of (p such that 



X ■-- 



7 



><?0. 



If L^i{I) 7^ /, then L^i{I) = R < I for some positive R G M„(C). Letting Z be the 
unitary matrix 

On-k,k E 

we observe that 



G M„_fe(C), 



(15) 



< L, 






i? Z 
Z* I 



Since R< I, we have {f,Rf) < 1 for some unit vector / G C"'. A quick calculation 
shows that 



f \ ( R Z 
-Z*f J '[ Z* I 



f 

-z*f 



{f,Rf)-l<0, 



contradicting (llSp . 

Therefore, L(i,i{I) = I. Since (j) ^q </*') it follows that L^ — L^i is completely positive, 
so 

\\L^-L^i\\ = \\L^{I)-L^,{I)\\=Q, 

hence L0/(^) = L^{A) = (j){A) = i{A)I for the state £ G M„(C)* defined by ^(A) = 

Z]i=i^«'^fcfc- But range((/)') = range(L0/) = {cl : c G C} and cp' = cp' o L^i^ so 
(/)'(/) = r/ for some r < 1 and 

</>'(A) = <A'(V(^)) = </'(^(^)^) = ^{A)<t^\l) = r£{A)I = r4>{A) 

for all A G M„(C). 

We claim that r = 1. To prove this, we define Vt '■ Af2fe(C) — )• M2fc(C) for each 
t>Oby 



Vt 



A B 



s(x{i+txr' 



s*{ ^ ^ ]s 



s* 



*^ C D 
Since x ^g 0, each Vj is completely positive. Therefore, 



1+ 

A 



1+tA 



t{B)X 



i+t\ 






0< 



X* 
/ 



Vt 



I X 

X* I 



X 
/ 



l-trt 1+tA 

^ -I -^J 



1+tA 1+t" 



hence 



> 



|Ap 



Re(A) 



(1 + rt)(l + t) - |1 + a|2 1 + (t2 + 2t) Re(A) 
for all t > 0. This is equivalent to 

(l + t)Re(A) 



(16) 



r > 



l + tRe(A) 



for all t > 0. We take the limit as t — )• oo in (J16p and observe r > 1. Since r < 1 we 
have r = 1, so (/)' = 6. 
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We have shown that if 
then (j) = <j)' . An analogous argument shows that if 

<P ^\y ( ^ ^ ]> 

7* ^ J-'Kr ^' J -" ' 

then (p = (j)' . Therefore, 7 is hyper maximal. D 

We are now ready to prove the following: 

Theorem 3.8. Let 4> : M„(C) -^ M„(C) and tp : M„/(C) -^ Af„/(C) be rank one 
unital q-positive maps, and let v be a type II Powers weight of the form 



u{y/l-A{l)B^I-A{l)) = {f,Bf). 

The Eo-semigroups induced by {(p^v) and {ijj^v) are cocycle conjugate if and only if 
n = n' and (p is conjugate to ip. 

Proof. The backward direction follows trivially from Proposition l2.12l For the forward 
direction, suppose {(j), u) and {ip, v) induce cocycle conjugate £^o-semigroups a*^ and 
Z^"^. For some sets {/^j}^=i and {rj}*L;^ satisfying the conditions of Theorem 13.61 and 
some unitaries U G M„(C) and V E M„/(C), (pu and ipv have the form of ([7]). Let 
afj and /3y be the £'o-semigroups induced by {(pu,i^) and (V'V)^)) respectively. Since 



a 



a'^ and Py ~ /S*^ ~ a'^, we have afj ~ /3y, so by Proposition l2.91 there is a hyper 



maximal g-corner from (pu to ipy- Theorems 13.61 and 13.71 imply that n = n' , k = k' , 
and fj^i = ri for all z = 1, . . . , /c. In other words, (pu = ipy- Therefore, (p = ipiyu*)-, so 
(p and ip are conjugate. D 

References 

[1] W.B. Arveson, Four lectures on noncommutative dynamics, Advances m Quantum Dynamics, 

Contemp. Math. 335, Amer. Math. Soc, Providence, RI (2003), 1-55. 
[2] W.B. Arveson, The Index of a Quantum Dynamical Semigroup, J. Fund. Anal. 146 (1997), 

557-588. 
[3] W.B. Arveson, Continuous Analogues of Fock space. Memoirs Amer. Math. Soc. 80, no. 409 

(1989). 
[4] B.V.R. Bhat, ^4?! index theory for quantum dynamical semigroups. Trans. A. M.S. 348 (1996), 

no. 2, 561-583. 
[5] M. Choi, Completely positive linear maps on complex matrices, Lin. Alg. Appl. 10 (1975), 285- 

290. 
[6] M. Izumi and R. Srinivasan, Generalized CCR flows. Comm. Math. Phys. 281 (2008), no. 2, 

529-571. 
[7] M. Izumi, A perturbation problem for the shift semigroup, J. Funct. Anal. 251 (2007), 498-545. 
[8] C Jankowski, Unital q-positive maps on M2(C) and a related Eo-semigroup result, 

arXiv:1005.4404vl. 
[9] C. Jankowski, On type IIq Eo-semigroups induced by boundary weight doubles, J. Func. Anal. 

258 (2010), no. 10, 3413-3451. 
[10] D. Markiewicz and R.T. Powers, Local unitary cocycles of Eo-semigroups, J. Funct. Anal. 256 

(2009), no. 5, 1511-1543. 
[11] R.T. Powers, Continous spatial semigroups of completely positive maps of B{H), New York J. 

Math. 9 (2003), 165-269. 
[12] R.T. Powers, Construction of Eo-semigroups of B{Sj) from CP-flows, Advances in Quantum 

Dynamics, Contemp. Math. 335, Amer. Math. Soc, Providence, RI (2003), 57-97. 



20 CHRISTOPHER JANKOWSKI 

[13] R.T. Powers, New examples of continuous spatial semigroups of *-endomorphisms of B{Sj), In- 

ternat. J. Math. 10 (1999), no. 2, 215-288. 
[14] R.T. Powers, A nonspatial continous sem,igroup of *-endomorphisms of B{S)), Publ. Res. Inst. 

Math. Sci. 23 (1987), no. 6, 1053-1069. 
[15] B. Tsirelson, Non-isomorphic product systems, Advances in Quantum Dynamics, Contemp. 

Math. 335, Amer. Math. Soc, Providence, RI (2003), 273-328. 
[16] E.P. Wigner, On unitary representations of the inhomogeneous Lorentz group, Ann. of Math. 40 

(1939), 149-204. 



Department of Mathematics 
Ben-Gurion University of the Negev 
P.O. Box 653 
Be'er Sheva 84105, Israel 

E-mail address: cjankows@math.bgu.ac.il 



